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Abstract We present theoretical and experimental studies
on nonlinear beam propagation in lithium niobate waveg-
uide arrays utilizing higher-order second harmonic bands.
We find that the implementation of the higher-order second
harmonic bands leads to a number of new effects. The com-
bined interaction of two second harmonic bands with a prop-
agating fundamental beam can lead to a complete inhibition
of nonlinear effects or to the formation of discrete spatial
solitons, depending only on the wavelength of the funda-
mental wave. Furthermore we analyze the properties of dis-
crete solitons, allowing for linear coupling of the second har-
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monic. Here we predict and demonstrate experimentally a
power dependent phase transition of the soliton topology.

1 Introduction

In the last years, discrete optics in waveguide arrays (WGAs)
has been one of the most active fields in optical sciences
[1–3]. The main reason for this lies in the unique properties
of the periodic linear dispersion relation, or band structure,
of a WGA. This band structure enables the ability to con-
trol the sign and strength of the diffraction of a linear beam
[4, 5]. Since beam propagation in WGAs can be described
similarly to the dynamics of electrons in atomic lattices,
many effects predicted for electron motion in crystals have
been observed in WGAs [6–8]. However, nonlinear WGAs
have excited the most scientific interest, both for their im-
portance in fundamental science [2, 9] and their potential
applications [10–12].

The use of WGAs with quadratic nonlinearity further ex-
pands the possibilities of these kind of systems. Here opti-
cal fields of different frequencies are coupled by the nonlin-
ear susceptibility. Specifically, a low-frequency fundamen-
tal wave (FW) field is coupled to its second harmonic (SH)
with doubled frequency. This process may lead to an effec-
tive phase shift of the FW field which is mainly determined
by the difference of the propagation constants of FW and SH
[13–15]. Consequently, spatial focusing and defocusing [16]
as well as spatial solitons [17–21] could be studied both the-
oretically and experimentally. However, in all experiments
in WGAs up to now the nonlinear coupling of only the first
bands of the FW and SH was exploited. As we will show
here, many fundamental effects can only be observed if the
FW band interacts with one or more higher-order SH bands.
Coupling between fundamental and higher-order bands has
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Fig. 1 (a) Scheme of the band structures of the FW (left panel) at
1500 nm and the SH (right panel) at 750 nm. The black line in the FW
band structure shows the cut-off for guided modes. (b) Simulated phase
mismatch between the FW00 and the SH00 (blue), SH10 (green), and
SH02 (red) modes for kt = 0. (c) Normalized SH output power for a
broad beam at kt = 0 as a function of the input FW wavelength. Max-
ima occur where the phasematching condition between a pair of FW
and SH modes is fulfilled. (d, e) SH mode profiles at FW wavelengths
of 1500.5 nm and 1502.6 nm, corresponding to the dotted lines in (c)

been used in nonlinear experiments in WGAs with third-
order Kerr-type nonlinearity [22–25]. However, these sys-
tems are fundamentally different from WGAs with second-
order nonlinearity considered here. In systems with Kerr
nonlinearity, all observable effects stem from the bands that
are selected upon excitation where the nature of the nonlin-
earity cannot be changed. In quadratic systems, only the FW
component is excited directly. Here the utilized SH band as
well as the effective cascading nonlinearity can be widely
influenced by changing the FW wavelength.

The systems under consideration in this contribution are
WGAs in lithium niobate made by titanium indiffusion [26].
The refractive index profile of these waveguides can be de-
scribed analytically [27–29], and hence the band structure of
the WGA can be calculated numerically. Figure 1(a) shows
band structures calculated with a freely available software
package based on the plane-wave expansion method [30].
We plot only the irreducible part of the first Brillouin zone
for either wavelength. The left panel of Fig. 1(a) shows the
bands for an FW wavelength of 1500 nm where the ar-
ray supports only a fundamental mode over the complete
range of transverse wavenumbers. For the corresponding
SH wavelength of 750 nm, the array supports many guided
modes, the first four bands are shown in the right panel of

Fig. 1(a). The first FW band and the first four SH bands can
be described in the coupled mode approximation since the
spreading of the bands is small compared to the magnitude
of the propagation constants and the bands do not overlap.
The dependence of the propagation constant ki

z on the trans-
verse wavenumber kt then is [5]:

ki
z (λ, kt ) = ki

0 (λ) + 2ci cos (ktd) , (1)

where the index i denotes the band and d is the period of the
WGA. Here the band i is solely described by the two param-
eters coupling constant ci and mean propagation constant ki

0
which corresponds to the propagation constant of the same
mode in a single waveguide. For the SH00 band utilized in
all nonlinear experiments up to now, the coupling constant
cSH00 is negligible for all experimentally relevant cases. In
this case the transverse dynamics of the SH is completely
determined by the FW. In contrast, the coupling constants of
the SH10 and especially the SH02 band can have the same
magnitude as the FW00 coupling constant. As we will show
later, this leads to new nonlinear propagation effects not ob-
servable before.

The strength of the nonlinear interaction between a pair
of FW and SH bands is determined by the phase mismatch

�k(λ, kt ) = 2kFW
z (λ, kt ) − kSH

z (λ, kt ) + 2π/ΛQPM, (2)

where ΛQPM accounts for the periodic poling of the nonlin-
ear susceptibility of the WGA [31]. Since the mean prop-
agation constants of the bands are dispersive, the phase
mismatch for fixed transverse wavenumber can be tuned
by changing the wavelength, as we show in Fig. 1(b). For
a vanishing phase mismatch, the nonlinear interaction be-
tween the bands is the strongest, and the energy in the FW
state is transferred to the corresponding SH state. The in-
teraction strength is quickly decaying with increasing phase
mismatch. The wavelength of phase mismatch between the
FW00 and SH00 modes is far away from phasematching
wavelengths to other SH modes. Hence an FW00 wave ef-
ficiently interacting with the SH00 band does not interact
with other SH bands. In contrast to this, the wavelengths
for phasematching between the FW00 and SH10 or SH02
modes are very close [see Fig. 1(b)]. Figure 1(c) shows
the measured dependence of the SH power on the FW in-
put wavelength for propagation of a broad input beam in
a lithium niobate waveguide array. Figures 1(d,e) show the
measured SH mode profiles at the wavelengths of maximum
SH power, thus confirming that we nonlinearly couple to dif-
ferent higher-order SH bands. As was reported earlier for a
single waveguide [32], both nonlinear processes can act si-
multaneously. Here we will show that the action of two dif-
ferent SH resonances can lead to new spatial effects during
nonlinear propagation, namely the complete suppression of
spatial beam reshaping. On the other hand, as we will show
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here for the first time, with slightly different phase mismatch
the formation of spatial solitons similar to [20] is possible
were both participating SH modes contribute to the phase
shifts necessary for soliton formation.

2 Nonlinear effects with two SH bands

Nonlinear beam propagation in a waveguide array with two
SH bands may be described by the normalized coupled
mode equations

i
dUFW

n

dz
+ cFW(

UFW
n+1 + UFW

n−1

)

+(
γ SH02USH02

n + γ SH10 USH10
n

)(
UFW

n

)∗ = 0

i
dUSH02
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−�kSH02USH02
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+ cSH10(USH10

n+1 + USH10
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−�kSH10USH10
n + γ SH10(UFW

n

)2 = 0.

(3)

Here the U
j
n denote the amplitude of the mode field of

the nth waveguide where the superscript j ={FW, SH02,
SH10} indexes the field components. The cj are the linear
coupling constants. �kj and γ j are the phase mismatches
and nonlinear coupling strengths between the FW mode and
the SH mode labeled by j .

Since the two SH modes are orthogonal to each other,
they do not directly interact linearly. However, they both in-
teract nonlinearly with the FW field. It was shown for in-
teractions of one pair of FW and SH modes [14] that for
nonzero phase mismatch the cascaded FW–SH interaction
leads to effective nonlinearities comparable to Kerr nonlin-
earities. For positive phase mismatch, these cascaded non-
linearity is focusing, whereas it is defocussing for negative
phase mismatch. In the system considered here, two of such
interactions act on the FW [see Fig. 1(c)]. For positive or
negative phase mismatch of both nonlinear interactions, the
nature of the cascaded nonlinearity will not change. How-
ever, for the case of different signs of the two mismatches,
both nonlinear processes will compete, and the overall non-
linear strength will be greatly diminished [33].

To show these effects experimentally, we investigate the
propagation of a wide Gaussian beam in a lithium nio-
bate WGA. The used sample consists of 101 waveguides
with a period of d = 15 µm and a phasematching period
of ΛQPM = 16.803 µm. The linear coupling constants are
cFW ≈ 80/m, cSH02 ≈ 80/m, and cSH10 ≈ 16/m for FW
input wavelengths of 1500 nm and the corresponding SH
wavelength of 750 nm. To obtain the high necessary peak

Fig. 2 Width of the output FW intensity distribution in dependence
on the wavelength for (a) unstaggered and (b) staggered excitation.
The curves are plotted for input powers of 0.05 kW (circles), 0.6 kW
(crosses), and 1.3 kW (triangles), respectively. The dotted lines mark
the phase-matching wavelengths, whereas the solid lines mark the
wavelengths of nonlinearity inhibition

powers, we use 5.2-ps pulses generated by a noncollinear
optical parametric amplifier [34], which is seeded by a tune-
able cw diode laser. With the help of a cylindrical telescope,
the laser beam is shaped to an ellipse with a horizontal (ver-
tical) width of ≈60 µm (3 µm) and coupled into the sample.
To characterize the array output, we measure the FW and SH
output powers and record the spatial profiles of both compo-
nents with an InGaAs and a CCD camera, respectively. As a
comprehensive number to describe nonlinear spatial effects,
we calculate the width of the FW part of the beam as the
second moment of the measured FW output intensity distri-
bution.

Figure 2(a) shows the results for normal incidence of the
coupled FW beam. Here FW states in the center of the peri-
odic dispersion relation are excited, which have the same
phase in all waveguides (unstaggered excitation). For the
lowest measured power, the beam width does not depend on
the input wavelength. Here almost no nonlinear effects take
place. For higher input power, we observe a strong focus-
ing (defocusing) for wavelengths above (below) both phase-
matching resonances. This is due to the mismatch induced
cascaded nonlinearity. However, for the wavelength between
the phase-matching resonances, the FW beam width stays
the same for all powers. Here the different signs of the mis-
matches from both resonances lead to a complete cancella-
tion of spatial nonlinear effects [33].

The same measurement is conducted for an excitation at
the edge of the Brillouin zone. This is achieved by tilting the
input FW beam until the phase difference between adjacent
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Fig. 3 (a) Normalized FW output intensity profiles for normal inci-
dence for 0.05 kW (blue) and 1.3 kW (red) input peak power at a wave-
length of 1506 nm showing soliton formation. The output intensity at
the wavelength of nonlinearity compensation 1501.6 nm is also shown
for 1.3 kW (green). (b) SH mode profiles for an FW wavelength of
1506 nm for 1.3 kW input power. (c) Same as (a) for tilted incidence at
the edge of the Brillouin zone. Here the wavelength for soliton forma-
tion is 1498 nm, and the compensation wavelength is 1502.6 nm. (d)
SH mode profiles at tilted FW incidence for low input power. (e) SH
soliton profile for tilted incidence and an input power of 1.3 kW

waveguides is π (staggered excitation). The measured beam
widths are presented in Fig. 2(b). Qualitatively, the image is
reversed with respect to Fig. 2(a). This is due to the nega-
tive curvature of the FW band at the band edge kFW

t = π .
Here the linear beam undergoes anomalous diffraction [5].
Hence the focusing cascading nonlinearity present at long
wavelengths broadens the beam, while the short wavelength
defocusing nonlinearity is narrowing the beam. However,
the inhibition of all spatial nonlinear effects between the
phase-matching wavelengths is again observed. The devi-
ations in the beam width at the inhibition wavelength can
be attributed to other excited modes as we will show in the
following by analyzing output profiles of FW and SH.

Figure 3 shows typical intensity profiles of the charac-
teristic spatial output of the waveguide array for the dif-
ferent nonlinear scenarios described above. Specifically, in
Fig. 3(a) the FW profiles corresponding to low-power prop-
agation, nonlinear competition, and soliton formation are
plotted for unstaggered excitation. As expected from the
width data given in Fig. 2(a), the profiles for the linear prop-
agation (blue) at a wavelength of 1506 nm and nonlinearity
inhibition (green) at 1501.6 nm are equal. For a wavelength
of 1506 nm, where Fig. 2(a) indicated nonlinear focusing of
the FW beam for 1.3-kW input peak power, the measured

profile (red) corresponds to a discrete quadratic soliton. In
contrast to Ref. [20], the SH part of these solitons consists
of contributions from the SH02 and SH10 bands. This was
confirmed by a measurement of the SH mode profiles at the
array output, presented in Fig. 3(b). Clearly, the measured
mode profiles are an interference of the mode profiles shown
in Fig. 1(d,e). This evidences that we indeed for the first
time detected discrete quadratic solitons with higher-order
SH modes. The same measurements were performed for
staggered incidence. Figure 3(c) shows again the FW out-
put profiles for linear propagation (blue) and soliton forma-
tion (red) at 1498.6 nm as well as for nonlinearity inhibition
(green) at 1502.5 nm. Here, the output profile for the nonlin-
earity inhibition wavelength is narrower than the low-power
FW output pattern. However, the spatial reshaping is much
less pronounced than in the case of soliton formation. The
deviations from total inhibition of spatial reshaping are due
to additional modes contributing to the nonlinear dynam-
ics. For staggered propagation at transverse wavenumbers of
±π , the array supports higher order propagating modes also
for the FW wavelength [see Fig. 1(a)], hence also the FW01
band is weakly excited. In this case, nonlinear coupling be-
tween both FW modes and SH modes other than SH10 and
SH02 takes place. These additional FW-SH interactions lead
to spatial nonlinear effects which cannot be fully canceled.
In Fig. 3(d) the SH output profile at low power for the soli-
ton wavelength of 1498.6 nm is plotted. The dominating
SH mode excited here is the SH11 mode. Additional sim-
ulations also predict phase-matching to the SH03 mode for
wavelengths close to the competition wavelength. However,
for higher powers and especially for soliton formation, the
modes SH02 and SH10 play a dominating role. This is ev-
idenced by Fig. 3(e), which shows the SH mode profile of
the soliton plotted in Fig. 3(c). Clearly the center of the soli-
ton is composed of the SH02 and SH10 modes, whereas the
mode profiles in the wings belong to the spurious SH modes.

3 Soliton phase transition

In Sect. 2 we experimentally verified the existence of dis-
crete quadratic solitons with higher-order SH modes. Here
we will show that the properties of these higher-order bands,
namely the nonvanishing linear coupling, lead to proper-
ties of the solitons different from these with first-order SH
modes [35]. Solitons were shown to exist in regions were
both nonlinear interactions have the same sign. Here the
nonlinear dynamics of the systems is dominated by the
phase-matching resonance with the smaller mismatch. To
gain a physical insight into the basic properties of these soli-
tons, we first analyze the stationary solutions of a simplified
form of coupled mode equations, (3), dropping one of the
SH modes. We further assume that the remaining compo-
nents have the same linear coupling strength, which in the
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Fig. 4 (a) Absolute values of the mode amplitudes, (b) phases (black
corresponds to 0, and white to π ), and (c) absolute values of the spatial
Fourier spectra for the soliton family at �β = 1. The upper row show
numerical results for the FW, and the lower row for the SH part of the
solution. (d) Threshold propagation constant for the topology transition
observed in the SH part of (b,c) in dependence on the mismatch

experiment is fulfilled for the SH02 band. Specifically, we
will focus on solitons with staggered FW part. Stationary
solutions of the simplified coupled mode equations have the
form

UFW
n (z) = UFW

n (z = 0) exp(iβz),

USH02
n (z) = USH02

n (z = 0) exp(i2βz).
(4)

Here the real parameter β describes the propagation con-
stants of both FW and SH due to nonlinear synchroniza-
tion. We substitute these equations into the coupled mode
equations and obtain a nonlinear system of equations for the
real amplitudes of the FW and SH parts of the stationary
solutions. This system is solved numerically in dependence
on the mismatch for propagation constants below the lin-
ear bands of FW and SH to obtain solitons with staggered
FW part [18, 35]. Results for a normalized mismatch of
�β = (

�kSH02 + 2cFW
)
/cFW = 1 are plotted in Fig. 4(a–

c). In Fig. 4(a) we plot the amplitudes of the FW and SH
as functions of the propagation constant. With increasing
magnitude of the propagation constant, the solutions are
getting narrower and simultaneously increase their energy.
The most important features are found in the phases of the
solutions, plotted in Fig. 4(b). The phases of the FW are
staggered; however the phase profile of the SH component
abruptly changes from unstaggered at small negative prop-
agation constants to staggered for increasing magnitude of
the propagation constant. In the staggered domain, the SH
dynamics is completely controlled by the wide FW part of

Fig. 5 Power dependence of the SH spatial output spectrum for
an FW wavelength (normalized mismatch) of (a) 1498 nm (−25.5),
(b) 1499 nm (−17.1), (c) 1500 nm (−7.7), and (d) 1501 nm (0.9).
The upper row shows experimental results, and the lower row results
of simulations of the time-dependent coupled mode equations

the soliton via nonlinear coupling, and the phase-matching
conditions force the SH to be unstaggered. However, when
the solitons are getting narrower, the SH dynamics is mostly
governed by the linear SH coupling, and hence the SH pro-
file becomes staggered [35]. An experimentally accessible
signature of this phase transition is the SH intensity distri-
bution in the spatial spectrum, shown in Fig. 4(c). For un-
staggered SH, the intensity is concentrated in the center of
the Brillouin zone at kt = 0,2 π/d . When the phase transi-
tion takes place, the maximum of the SH intensity switches
to the boundaries of the SH Brillouin zone at kt = π/d . The
critical soliton propagation constant where the phase transi-
tion occurs can be calculated analytically by analyzing the
tails of the stationary solutions [35]. The result, plotted in
Fig. 4(d), shows that the phase transition exists for a large
number of input conditions and the magnitude of its thresh-
old propagation constant is monotonically increasing with
increasing magnitude of the mismatch. The analytical con-
siderations also show that the critical propagation constant
for the phase transition goes to infinity if the linear SH cou-
pling approaches zero. Hence the appearance of the phase
transition is unambiguously linked to the coupling of the SH
band.

To prove the existence of the phase transition experimen-
tally, we launch a staggered FW beam in the array. The spa-
tial spectrum of the SH is obtained by employing an addi-
tional lens and a CCD camera. The experimental parame-
ters are similar to the ones described in Sect. 2. Although
we experimentally show the existence of staggered discrete
quadratic solitons for these parameters, the stable excita-
tion of the narrow solitons exhibiting the phase transition
is not possible with FW only input [36]. Nevertheless, as the
upper row of Fig. 5 shows, the features of the phase tran-
sition could be experimentally reproduced for wavelengths
corresponding to normalized mismatches from �β = −25
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to �β = 1. For low powers, the SH intensity is exclusively
concentrated at transverse wavenumber of kt = 0,2π/d . If
the power is increased, which corresponds to increased mag-
nitude of the propagation constants of the stationary solu-
tions, the staggered SH is generated also at the edge of the
Brillouin zone at kt = π/d . In accordance with the predicted
dependency of the critical soliton propagation constant on
the mismatch [see Fig. 4(d)], the experimental phase tran-
sition power grows with larger magnitude of the mismatch.
In contrast to the results obtained for the stationary solu-
tions, the transition from unstaggered to staggered is not
complete in the experiments, leading to nonzero intensities
at kt = 0,2 π/d for all input powers. This is due to the use
of short laser pulses in the experiments which lead to more
complex spatio-temporal dynamics not accounted for in the
stationary analysis. To confirm this, we conducted simula-
tions of the time-dependent coupled mode equations where
we include group velocity mismatch, pulse dispersion [20,
37], and the interaction with the SH10 mode. The results of
this simulations are shown in the lower row of Fig. 5 and
agree very well with the measured data. Hence we proved
experimentally that the SH phase transition is not only a fea-
ture of discrete quadratic solitons but a generic phenomenon
of nonlinear propagation with linearly coupled SH waves.

4 Conclusions

We have analyzed nonlinear light propagation in lithium
niobate waveguide arrays where the SH part of the propa-
gating fields is composed from higher-order SH bands. We
have shown experimentally that in such a setup the system
shows propagation effects which are distinct from the results
of earlier studies where the first-order SH band has been
used. We have identified two settings which cannot be ob-
tained while using the first-order SH band. First, the close
spacing of the higher-order bands allows us to study inter-
actions of an FW beam with two or more SH components.
For wavelengths between the phase-matching wavelengths
to the two participating SH bands, this leads to weakening
or complete inhibition of spatial nonlinear beam reshaping
[33]. This effect may be valuable in high-power applications
were nonlinear effects need to be suppressed. For wave-
lengths above or below the phase-matching wavelengths, we
have shown that discrete spatial solitons can be excited with
both SH bands contributing to the effective Kerr-type non-
linear response. Theoretically we found that, due to the lin-
ear coupling of the SH bands, these solitons exhibit a new
localization-controlled phase transition of the topology of
the SH part. This phase transition is generic in nonlinear
systems with coupled SH, and we have been able to verify it
experimentally [35]. We believe that this transition can oc-
cur in other systems described with coupled mode equations

similar to (3). In optics it can be used for generating specific
phase structures.
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