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In this supplementary material, we detail the sum-frequency generation process used to estimate time-
frequency separations, including the limitations of the device. We also detail the measurement tomography

used to calibrate our technique.

Estimating separations with a quantum pulse gate

In this section, we derive Eq. (6) of the main text, which
provides the separation estimators 8, and 3, for measurements
made with a quantum pulse gate (QPG). The quantum pulse
gate operation relies on a large discrepancy between the group
velocities of the input and upconverted signals, which mani-
fests in the energy picture as a much larger input acceptance
bandwidth than output signal bandwidth. In practice, this
discrepancy is of course finite, which places limitations on
the achievable time and frequency resolutions. Here, starting
from the basic nonlinear interaction, we outline these limitati-
ons.

In our treatment herein, we assume that the three-field inte-
raction takes place inside a single-mode ¥ ) waveguide, such
that we may neglect the spatial modes involved. We also as-
sume that we are working in the low-efficiency regime, such
that a first-order approach is sufficient [45, 47]. We label the
modes as the input (“17), the QPG pump (‘2”), and upcon-
verted output (“3”), and group the central frequencies into
the variables as V = v — vy. In this case, the upconverted
spectral amplitude y(¥3) is related to the spectral amplitude
of the QPG pump ¢ (¥,) and the input signal y(V;) as

(¥3) = G/d\"/lH(Vl,\”/3)a(\73—\71)1//(\7]), 1)

where energy conservation ¥, = V3 — V| has been accoun-
ted for, O is a coupling constant representing factors such as
the material nonlinearity, and H(V;, ¥3) is the phasematching
function, characterized by the relationships between the wa-
venumbers k;(V;) = 2V of the interacting fields.

If process is phasematched at the central frequencies
through periodic poling and chromatic dispersion within each
field can be neglected, the phasematching function for an in-
teraction length L can be expressed as

H(V1,V3) o< Lsinc (L[(kl - k2)‘~/12_ (k3 — kz)%]) )

dk; 1
where £ = v vo, = 7w
group velocity u;. If the input signal and QPG pump are
group-velocity matched k| = k), the phasematching function

simplifies to a function of only the output frequency V3. If

is inversely proportional to the

we use a bandpass filter to remove the side lobes of the sinc
function, we can approximate the phasematching function as
a Gaussian,

(LK~} )73)? -
H(V3)~Le ™" 7 i=Le *m, 3)

where opy is the RMS phasematching bandwidth and 1 ~
0.193.

We assume that the input signal wavefunction is a Gaus-
sian pulse with some offset v from the perfectly phasemat-
ched frequencies and a small time delay &7 relative to the QPG
pump pulse, which we express as
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Note that the RMS width of the pulse in time is o; =
1/(4noy). The QPG pump pulse is shaped to the first two
Hermite-Gauss temporal modes with bandwidth o5, given by
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Substituting these and the phasematching function into Eq. (1)
and finding the relative upconversion probability as P =
[dvs|y(¥3)]?, the ratio of the upconversion probabilities for
the first two modes is found to be
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To get from the first line to the second, we have set the band-
width of the QPG pump to be equal to the input signal, ensu-
ring that the two pulses have matched temporal-mode bases.
To get from the second line to the third, we have assumed that
the phasematching bandwidth is narrower than the input pul-
ses, such that 2022 + 6, ~ 202. Since P, and P are both
symmetric functions of v or &¢, Eq. (6) holds for incohe-
rent mixtures of positive and negative shifts, and Eq. (6) of



the main text can be retrieved by substituting év — %V and

Ot — % It is apparent that the minimum resolvable shift will
be on the order of opy in frequency and cg’—yo, in time, and
that any misalignment in frequency or time will adversely ef-
fect the resolution of measurements in the other setting.

Cramér-Rao bound for the quantum pulse gate

For a perfectly mode-selective device and an infinite num-
ber of projections, the Cramér-Rao lower bound (CRLB) on
the estimation precision coincides with the quantum bound.
As shown in the previous section, the mode-selective pro-
perties of the QPG break down for frequency shifts smaller
than the phasematching bandwidth, opy. Additionally, in the
simplified analysis above, we project only onto the first two
Hermite-Gauss modes, and the data analysis performed only
considers the first three. Here, we consider the CRLB for the
measurement scheme we employ, including the effect of limi-
ted selectivity and finite mode projections.

We consider access to a finite number of mode projecti-
ons, ranging from 0 to M and corresponding to the Oth to
Mth Hermite-Gaussian time-frequency modes. The probabi-
lity of photon upconversion when projecting on the jth mode
as a function of time or frequency separation 3 is given by
P;j(8) = [ dvs |y(¥3,8)|. In our numerical analysis, the norma-
lization is set such that limg,, 0 Py(0) =1, effectively nor-
malizing out any external losses but accounting for lost infor-
mation due to the imperfect selectivity. The Fisher informa-
tion available in this set of projections for N detected photons
can be found in analogy to Eq. (3) of the main text as

1 {ap (g)r. o
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The CRLB for the QPG, found as 1/%gpg, is shown in
Fig. 1 for two different nonlinear interaction lengths (and cor-
respondingly two different phasematching bandwidths) and
for projections onto two, three, or four Hermite-Gaussian mo-
des. Even when only projecting on the first two Hermite-
Gauss modes, there is a large span of separations when the
QPG has a strong advantage over standard intensity detection.
For large separations, higher-order projections become neces-
sary, but in this limit, standard intensity detection approa-
ches the quantum limit anyhow. For very small separations,
8 ~ oppy, the CRLB diverges. The point at which this “curse”
kicks in is not set by the point-spread function of the opti-
cal signals, as it is for standard intensity detection, but rather
the phasematching bandwidth. By increasing the length of the
medium, as seen in Fig. 1(b), the scale of the divergence can
dramatically improve.
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FIG. 1. Cramér-Rao lower bound for quantum pulse gate me-

asurements. The Cramér-Rao lower bound on the variance of the
estimated time or frequency shift 8 is shown using standard inten-
sity detection in blue and by projecting onto the first two, three, or
four Hermite-Gauss modes in black (solid, dashed, and dotted line,
respectively). The constant quantum limit is shown in red. Plot (a)
corresponds to the experimental parameters used, including a 17-mm
upconversion medium, while plot (b) corresponds to an upconversion
medium five times longer (85 mm).

Measurement tomography methods

In this section, we describe the measurement tomography
method used to retrieve an accurate separation estimator from
the directly measured data. To characterize the device, we im-
plement projections onto the first three Hermite-Gauss modes,
where “ideal measurement” can be described by projections
of the input signal on the three lowest-order Hermite-Gauss
modes HGy, HG;, and HG,. We denote ¢(8) the probability
of the jth measurement output given the true separation is 3.
For a Gaussian point-spread function (PSF) of width o, this
probability reads

4,(8) = ~ ( : >2je-(ﬁ>27

=—|-— j=0,1,2. 8
o J=0,1, ®)
Due to unavoidable imperfections, the actual detection proba-
bilities p;(3) differ slightly from ¢;(8) and the measurement
device needs to be characterized before using. Assuming the
setup works well, that is, the differences between the actual



and target distributions p;(8) and ¢;(3) are small, we expand
the former using the latter as a basis as follows

M
pi®) =Y ciaqr(®),  j=0,12. 9)
k=0

Having repeatedly measured a set of known separations 8 =
{81,82,...,8y}, the probabilities p; can be estimated by the
corresponding rqlative frequencies f; = (n;)/ Z]:<" j)- De-
noting further f} = fi(3a), qka = qi(8«), and ¢ = cjx, we
obtain three sets of linear equations to be solved for the set of
unknown detection coefficients ci
fl=Yawe, =012 (10)
k
The pseudo-inverse can be used to obtain standard solutions
minimizing the L, norm,
=0, j=0,1,2. (11)
It turns out just a few (M ~ 4) basis functions in Eq. (8)
are required to observe excellent fits of the detected relative
frequencies f; in terms of the corresponding theoretical mo-
dels p; for all measured separations in the region of interest
3¢ 0,2].

We next proceed to the parameter estimation step using
our characterized measurement. Each measurement returns a
three numbers, ng, n1, and n,. Assuming Poissonian statistics,
the separation is estimated by maximizing the log-likelihood

- , p;(3)
s—argmgx{;njlog |:Zj’pj/(g):|} (12)

subject to 3 > 0 using a suitable optimization tool. Finally,
for every true separation we calculate the statistics of the es-
timates and compare the measurement errors to the relevant
classical and quantum resolution limits.
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